Abstract. Hindman and Strauss introduced the notion of density in arbitrary semigroup with respect to a given net. Our purpose of this paper is to study the notion of D-set using this generalized density in arbitrary semigroup. We have established a dynamical and combinatorial characterization of D-sets and few related algebraic properties of D-sets.
Introduction
D-set was first introduced in [2] by Bergelson and Downarowicz. We extend this notion of D-set in arbitrary semigroup. In [9] Hindman and Strauss defined a new concept of density d * F depnding upon a filter F . For A ⊆ S, d * F (A) = sup{α : (∀i ∈ I)(∃j > i)(∃x ∈ S∪{0})(|A∩(F j +x)| ≥ α|F j |)} They also studied some algebraic structure on the set D * F of all ultrafilters which are thick with respect to the above mentioned density d * F , defined by D * F = {p ∈ βS d : (∀A ∈ p)d * F (A) > 0}. The following result which we directly incorporate from [10] ensure that D * F is nonempty. Theorem 1.1. Let X be a set and let R ⊆ P(X) be nonempty and assume that ∅ / ∈ R. Let R ↑ = {W ∈ P(X) : V ⊆ W for some V ∈ R}. Then the following are equivalent:
(a) R is partition regular. (b) Whenever V ∈ R, there is some ultrafilter r on S such that V ∈ r ⊆ R ↑ .
One can easily show that D * F is closed by letting a point p ∈ βS such that p / ∈ D * F , which as a result implies that d * If S is weakly left cancellative for some b ∈ N, and the given net F satisfies the following ⋆-condition, then D * F becomes a left ideal.
Note that any commutative semigroup( for example (N, +) and ((0, ∞), +)) trivially satisfies the above ⋆-condition. Given an infinite semigroup (S, +), there is an extension of the operation '+' to the Stone-Čech compactification βS of S such that (βS, +) becomes a compact right topological semigroup, i.e., the right action of βS to itself is continuous.The extended semigroup operation in βS is defined by, for p, q ∈ βS p + q := {A ⊆ S : {s ∈ S : −s + A ∈ q} ∈ p}. Here the closure A of A ⊆ S in βS is identified as the collection of all p ∈ βS such that A ∈ p. The compact Hausdorff right topological semigroup (βS, +) has a smallest two sided ideal K(βS) which is the union of all minimal right ideals and is the union of all minimal left ideals. Now Ellis theorem [5] ensure the existence of idempotent in K(βS), which are called minimal idempotent. A member of minimal idempotent is called central sets. For all the necessary details see [10] .
Dynamical characterizations of different type of large sets are produced in [6, 11, 12, 13] . Combinatorial characterizations of similar types of large sets are done in [3, 7, 8] . We characterize D-sets and D-sets near zero, dynamically in section 2 and combinatorially in section 3.
Dynamical characterization of D-sets(near zero)
Let us recall the following definitions from [6] . Definition 2.1. Let (X, {T s } s∈S ) be a dynamical system, x and y points in X, and K a filter on S. The pair (x, y) is called jointly K−recurrent if and only if for every neighborhood U y of y we have {s ∈ S : T s (x) ∈ U y and T s (y) ∈ U y } c / ∈ K.
To give a dynamical characterization of D-set, first we will recall the main theorem from [6] . Theorem 2.1. Let (S, +) be a semigroup, let K be a filter on S such that K is a compact subsemigroup of βS, and let A ⊆ S. Then A is a member of an idempotent in K if and only if there exists a dynamical system (X, {T s } s∈S ) with points x and y in X and there exists a neighborhood U y of y such that the pair (x, y) is jointly K−recurrent and A = {s ∈ S : T s (x) ∈ U y }.
The following lemma directly follows from [Theorem 2.2(a), [6] ]. But here we will give a self cointained proof.
Lemma 2.1. Let S be a semigroup and F be a filter on S.
A. In particular, if F is weakly right cancellative and A is a subset of
Proof. K is a filter follows from the following three observations:
c ∈ K, and this implies A c ∈ p( as K ⊆ p), which contradicts A ∈ p. So our assumption was wrong and p ∈ D * 
Hence the last conclusion follows.
Lemma 2.2. Let S be a semigroup and F be a filter on S.
Let S be a weakly right cancellative semigroup and F be a given net in P f (S). Then A ⊆ S is a D-set iff there exists a dynamical system (X, {T s } s∈S ) with points x and y in X such that for any neighbourhood U of y, d * F ({s ∈ S : T s (x) ∈ U and T s (y) ∈ U }) > 0 and for some neighbourhood U y of y, A = {s ∈ S :
This implies that A is contained in some idempotent of K, by Lemma 2.1. Then by Theorem 2.1, there exists a dynamical system (X, {T s } s∈S ) with points x and y in X and there exists a neighborhood U y of y such that the pair (x, y) is jointly K−recurrent and A = {s ∈ S : T s (x) ∈ U y }. This together with Lemma 2.2 gives the forward implication.
(⇐): Let A ⊆ S and there exists a dynamical system (X, {T s } s∈S ) with points x and y in X such that for any neighbourhood U of y, d * F ({s ∈ S : T s (x) ∈ U and T s (y) ∈ U }) > 0 and for some neighbourhood U y of y, A = {s ∈ S : T s (x) ∈ U y }. By Lemma 2.2, there exists a dynamical system (X, {T s } s∈S ) with points x and y in X and there exists a neighborhood U y of y such that the pair (x, y) is jointly K−recurrent and A = {s ∈ S : T s (x) ∈ U y }. By Theorem 2.1, A is contained in an idempotent of K. This implies A is contained in an idempotent of D * F , by Lemma 2.1.Hence A is a D-set. Now we will give the dynamical characterization of D-sets near zero. Let S be a dense subsemigroup of ((0, ∞), +). We will consider discrete topology on S. Let us recall the following definitions from [1] . Definition 2.3. Let S be a dense subset of (0, ∞). Then
The subsemigroup structure in 0 + (S) is straight forward using composition. Compactness of 0 + (S) follows from the observation that 0
Definition 2.4. Let F = {F i } i∈D be a net in P f (S) and let lim i∈D maxF i = 0. In particular, we get the dynamical characterization of D-sets near zero as follows.
Theorem 2.3. Let (S, +) be a semigroup and F be a given net in P f (S) such that lim i∈D max F i = 0. Then A ⊆ S is a D−set near zero iff there exists a dynamical system (X, {T s } s∈S ) with points x and y in X such that for any neighbourhood U of y, d * F ({s ∈ S : T s (x) ∈ U and T s (y) ∈ U }) > 0 and for some neighbourhood U y of y, D = {s ∈ S : T s (x) ∈ U y }.
Proof. Similar to Theorem 2.2.
Combinatorial Characterization of D-sets( near zero)
We will define the notion of "tree". Let ω = {0, 1, 2, ...} be the ordinal number, and recall that each ordinal is the set of its predecessors. For example 3 = {0, 1, 2}, 0 = ∅ and if f is the function {(0, 3), (1, 5) , (2, 9) , (3, 7), (4, 5)}, then f | 3 = {(0, 3), (1, 5) , (2, 9)}. Let us recall the following definitions from [8] .
Definition 3.1. T is a tree in A if T is a set of functions and for each f ∈ T, domain(f )∈ ω and range(f ) ⊆ A and if domain(f ) = n > 0,then f | n−1 ∈ T. T is a tree if for some A, T is a tree in A.
(a) Let f be a function with domain(f ) = n ∈ ω and let x be given. Then
(c) Let (S, +) be a semigroup and let A ⊆ S. Then T is a ⋆-tree in A if T is a tree in A and for all x ∈ B f , B f ⌢x ⊆ −x + B f . (d) Let (S, +) be a semigroup and let A ⊆ S. Then T is a F S-tree in A if T is a tree in A and for all f ∈ T ,
Lemma 3.1. Let (S, +) be a semigroup and let p be an idempotent in βS. If A ∈ p, then there exists a F S-tree T in A such that for each f ∈ T, B f ∈ p.
Proof. This is [Lemma 3.4, [8] ].
Lemma 3.2. Any F S-tree is a ⋆-tree.
Proof. This is [Lemma 4.6, [7] ].
When we say {C F } F ∈I is a "downward directed family", we mean I is a directed set and whenever F, G ∈ I with F ≤ G, one has C G ⊆ C F .
Theorem 3.1. Let S be a weakly right cancellative semigroup, F be a given net in P f (S) and A ⊆ S. Then statement (a), (b), (c) and (d) are equivalent and implied by statement (e). If S is countable then all the statements are equivalent.
There is a downward directed family {C F } F ∈I of subsets of A such that (i) for each F ∈ I and each x ∈ C F there exists G ∈ I with C G ⊆ −x+C F and (ii) for each
There is a decreasing sequence {C n } ∞ n=1 of subsets of A such that (i) for each n ∈ N and each x ∈ C n , there exists m ∈ N with C m ⊆ −x+C n and 
This follows trivally. Assume now that S is countable. We will show that (c) =⇒ (e). Let T be guranteed by (c). So, T is countable. Enumerate T as {f n : n ∈ N}. For each n ∈ N, let C n = ∩ n k=1 B f k (T ). Then each C n is J-set near zero. Let n ∈ N and let x ∈ C n . Pick m ∈ N such that {f k ⌢ x : k ∈ {1, 2, ..., m}} ⊆ {f 1 , f 2 , ..., f m }.
Then C m ⊆ −x + C n .
Following theorem provides combinatorial characterization of D-set near zero.
Theorem 3.2. Let S be a dense subsemigroup of ((0, ∞), +), F be a given net in P f (S) and A ⊆ S. Statements (a), (b), (c) and (d) are equivalent and implied by statement (e). If S is countable, then all the statement are equivalent.
(a) A is a D-set near zero.
(b) There is a F S-tree T in A such that for each
(c) There is a ⋆-tree T in A such that for each
There is a decreasing sequence {C n } ∞ n=1 of subsets of A such that (i) for each n ∈ N and each x ∈ C n , there exists m ∈ N with C m ⊆ −x+C n and
Proof. Similar to Theorem 3.1.
Product of D-set is D-set.
In this section, we'll assume our semigroups to be discrete b−weakly right cancellative. Suppose we have two semigroups S and T with nets E = {E i } i∈I and F = {F j } j∈J respectively in P f (S) and P f (T ). Then E × F is a net in P f (S × T ), with the natural partial order in I × J defined by Proof. Let r ∈ A∈p,B∈q A × B. Then for each A ∈ p and B ∈ q, we have A×B ∈ r. This implies {p, q} is contained insideι(r). But, asι(r) is an element of βS × βT, so {p, q} =ι(r), i.e., r ∈ι −1 ({p, q}). Conversely, let A×B be a D-set in S×T. Consider the projection homomorphism
Consider the right ideals
Similarly we can prove that B is a D-set in T.
Remark 4.1. Inductively we can prove that given any finite collection of semigroups
Note that using the dynamical characterization of D-set(Theorem 2.2), we can prove very easily that any finite product of D-set is a D-set. Now we will consider an infinite product of D-set. Let {S i } i∈I be a given collection of discrete semigroups, with a given collection of nets {F i } i∈I , where F i = {F ij } j∈Ii . It is very natural to go for the product net i∈I F i to define a notion of density on i∈I S i , but the problem is that i∈I F i is not in P f ( i∈I S i )(except for the trivial cases, when |I| < ∞, and the nets F i essentially consists of singleton sets). So, here we will construct a new product net as follows:
Let I ′ i := I i ∪ {0} with the ordering defined by 0 ≤ j for all j ∈ I i . Define F i0 = {0}. Partial ordering on i∈I I ′ i is defined by J = {j i } i∈I ≤ {j
for each i ∈ I. Let J = {J = {j i } i∈I ∈ i∈I I ′ i : j i = 0 for all but finitely many i ′ s} and consider the net F = {F J = i∈I F iji } J∈J . Define the upper Banach density in i S i with respect to this net F .
Given a collection of discrete semigroup {S i } i∈I with nets {F i } i∈I , whenever we talk about a density on i∈I S i , we will mean the density with respect to the product net as constructed above. Note that, when I is finite, then the above product net is the usual product of nets. Therefore the corresponding density is the usual density with respect to the product net.
Remark 4.2. F is not really a net on i S i as its elements are not from P f ( i S i ), but actually from P f ( i S i ∪ {0}). 0 is taken as an identity element of S i for each i ∈ I. Lemma 4.6. Let {S i } i∈I be a collection of semigroups, and for each i ∈ I F i be a net on
Since I k is arbitrary, so d *
To prove the opposite inequality, fix ǫ > 0 arbitrarily. For each i ∈ I, there exists
Since ǫ > 0 was arbitrarily chosen, so
Thus for any J ∈ J , there exists J ′ ≥ J and {x i } i ∈ i∈I S i ∪ {0} such that
Which gives,
Remark 4.3. Whenever we talk about D-sets in arbitrary product of semigroups, we will assume the semigroups to be right cancellative. The reason to avoid weakly right cancellative semigroup is that an arbitrary product of weakly right cancellative semigroup may not be weakly right cancellative.
In particular, Theorem 4.1 implies the following result.
Corollary 4.1. Let {S i } i∈I be a collection of right cancellative semigroups, and for each i ∈ I F i be a net on S i . Let π i0 : i S i → S i0 be the projection map onto the i A i is a D-set in i∈I c k S i . Also i∈I k A i being a finite product of D-set, is a D-set in i∈I k S i . So ( i∈I c k A i )×( i∈I k A i ) is a D-set in ( i∈I c k S i )×( i∈I k S i ). Hence i A i is a D-set in i S i .
Central set and D-set.
In this section we'll conclude some interaction between central set and D-set.
Theorem 5.1. Let S be both weakly left and weakly right cancellative, and satisfies the ⋆-condition. Then every central set is a D-set.
Proof. If S is both weakly left and weakly right cancellative, and satisfies the ⋆-condition, then D * F is a both sided ideal. Hence it contains K(βS). Therefore any idempotent in K(βS) is an idempotent in D * F .
